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LOCALIZATION OF EQUIVARIANT
COHOMOLOGY RINGS
BY
J. DUFLOT

ABSTRACT. The main result of this paper is the “calculation” of the Borel equivariant
cohomology ring H*( EG X ; X,Z/pZ) localized at one of its minimal prime ideals.
In case X is a point, the work of Quillen shows that the minimal primes b , are
parameterized by the maximal elementary abelian p-subgroups 4 of G and the result
is

W A)

H*(BG,Z/pZ)y, = H*(BCG(A).Z/pZ)y,

Here, C;(A) is the centralizer of 4 in G, and W;(A) = Ng(A)/Cs(A), where
Ng;(A) is the normalizer of 4 in G. An example is included.

1. Introduction and preliminaries. Let G be a compact Lie group and EG — BG a
classifying bundle for principal G bundles. When G acts on a space X we may form
‘the space X; = (EG X X)/G = EG X% X—the orbit space of EG X X under the
diagonal action of G. Let p be a fixed prime; then we may consider the equivariant
cohomology ring H%(X) = H*(X;,Z/pZ) as a module over its commutative sub-
ring
@ H*(X;,Z/pZ), p>2,

HA(X) = ’ EYNEC

o(X)=H(X;.2/pZ) @ H(X..Z/pT), p=2.
i>0

(Many of the general properties of equivariant cohomology are set forth in
[Q1,Q2, B, Br] and various other sources and we shall not list these properties here.
However, in order to be consistent with the above references and to suit the purposes
of this paper, some restrictions must be placed on the types of G-spaces that we
consider: they must be Hausdorff and either compact or paracompact with finite
mod-p cohomological dimension (see, eg., [Q1] for a definition). In addition, we
assume that every G-space has only a finite number of orbit types and that every
orbit has a “slice” around it (see, e.g., [Br] for a discussion of these ideas).)

The main theorem of this paper (Theorem 3.2) “calculates” the localization of
H*(X;,Z/pZ) at every minimal prime of H(X;,Z/pZ). (These minimal primes
were identified by Quillen in [Q1, Q2].)

As an application of this theorem we calculate the localization of
H*(GL,(Z/pZ),Z/pZ) at one of the minimal primes of H(GL,(Z/pZ),Z/pZ).
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92 J. DUFLOT

2. A localization lemma. Suppose X and Y are two spaces on which the compact
Lie group G acts. When one gives X X Y the diagonal G-action, the projection m:
X X Y = Xis G-equivariant and induces 7§: HE(X) = HE(X X Y). If G,  is the
isotropy group at (x, y) € X X Y, then G, ,, acts on the point x of X, inducing a
map HE(X) re—: ng__”({x 1. One also has a map

HE(X) —> HE (G -(x, y)) = HE(Gx X Gy)
o .
(here G - (x, y), Gx, Gy, etc. denote orbits of the G-action) given by
HY(X) S HE(XX Y) > HAG - x X G- ).
res

Using the isomorphism HE(G - (x, y)) =g Hg ({x}) induced by the chain of
homeomorphisms '
EG X G, ,,x © EG/G, ,, < (EG X°G)/G ,, < EGx°(G/G, )

Il s
EG, ,, X%e» {x} EG X% (Gx X Gy)

one sees immediately that there is a commutative triangle:
a
HE(X) S H3(G-x X G- y)

res \y v B=
Hg, ({x})

Let S ¢ H;(X) be a multiplicatively closed subset. Let
S res
(XxY)5= {(x, IS N ker(Hg.(X) 5 ng‘_n({x})) - z}.
Using the above triangle, we see also that
(X% Y)S = {(x, »)IS N ker(Hg(x) 5 H2(G - (x, y))) - z}.

Thus (X X Y)S is G-invariant. It is also closed; we see this as follows.
Let

#(G, X) = {H < G|X" # & and 3x € X" with S"H},({x}) = 0)
= {H <GIX" # @ andVx € X", 5"'H3({x}) = 0}.

The set = & (G, X) is closed with respect to taking subconjugates; i.e., if H € &
and K < H, then K € &. For, if K < H, then X" is contained in a translate of XX;
soif X# + &, then XX # &. Also, the diagram

5((x)) — > H2e (%))

Y fos
Hz(x)/Hz({g-lx})
Tcg=id/
HE(X) i
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commutes, if x € X7 and g € G; thus
S N ker(res;) € S N ker(res, ores;) = S N ker(res;)

=5N kcr(c;l ores;) = S N ker(res,).

Therefore, ST (H}({x})) = 0 and S'H}({g 'x}) = 0 if gKg~' < H. We note that
(X X Y)S can be characterized as the smallest subset of X X Y with the property
that every isotropy group of its complement lies in &%. Thus if {€ (X X Y) -
(X X Y)5, then G, € &. By the slice theorem, there is an open invariant neighbor-
hood U of § such that G, C G, for every u € U; so G, € &for every u € U. So all
isotropy of U is in &#; i.e. all isotropy of the complement of (X X Y)— U is in
&. Thus (XX Y)SC(XXY)—Uso UC(XXY)—(XXY)S, proving that
(X X Y)S is closed.

One has the following localization result (compare with tom Dieck [T] and Hsiang

(HD).

LEMMA 2.1. Suppose either:

(1) X X Y is compact and every orbit in X is a G-deformation retract of one of its
open neighborhoods, or

(ii) X X Y is paracompact with finite mod-p cohomology dimension.

If Z is any closed invariant subset of X X Y such that all of the isotropy of
(X X Y)— Zliesin¥(G, X), then there is an isomorphism

“lres

S
STHE(X X Y) =" STHE(Z).

Proor. This is a straightforward modification of the standard localization theo-
rems of, for example, tom Dieck [T] and Hsiang [H]. (Note that their results are
obtained by letting Z = (X X Y)Sand X = pt.)

We give the proofs of both (i) and (ii) for completeness.

(1) For every point (x, y) in X X Y, there is by assumption an invariant neighbor-
hood U of G - x and a G-deformation retraction r;: U — G - x. By existence of slice,
of course, there is an invariant neighborhood V of G -y and an equivariant
retraction r,: ¥V — G - y. Consider the following diagram (in which the diagram of
solid arrows commutes):
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The key point in the argument is to note that the diagram of dotted arrows
commutes:

(r X n)*iray = (ry X n)*(iy X i))*j*ay = (i, X iyry)* j*m¥
= (id X iyry )*j*n¥  (since iyr; =;id)

= [myj(id X iyny)]* = (7yj)* = j*a}.
Thus ker a = ker &’ since (r; X r,)* is injective. Now we use the standard arguments
to prove (i).

Suppose W is a closed invariant subset of X X Y with the property that all of its
isotropy is in . For each (x, y) € W, therefore, there is an s(x, y) € § such that
s(x, y) € ker a. Choosing retractive invariant neighborhoods (in X X Y) U,, U, (of
G - x,G - y, respectively) as above we see that ST'H(U, X U,) = 0 since s(x, y) S
ker o’ = ker a. Cover W by a finite number of such neighborhoods and then use a
straightforward Mayer-Vietoris argument, plus exactness of localization, to find an
invariant neighborhood @ of W with S~'H*(®¥) = 0. Now use the continuity prop-
erty (e.g. see [Q1]) and the fact that localization commutes with direct limits to show
that ST'HX(W) = 0.

Considering Z as in the theorem, we fix a closed invariant neighborhood V of Z
and use the above argument applied to the Mayer-Vietoris sequence for (X X Y) =
VU ((X X Y) — int V) plus exactness of localization, to get

STHE(V) = STTHE(X X Y).
Since Z is closed we may let ¥ vary and again use the continuity property and the
fact that localization commutes with direct limits to conclude that S'HE(X X Y) =
STHX(Z).

(ii) Again, as in the proof of (i), suppose that W is a closed invariant subset of
X X Y with the property that all of its isotropy is in . W is paracompact since it is
a closed subset of X X Y. Also, W has finite mod-p cohomological dimension. Thus
the mod-p cohomological dimension of W/G is finite [Q1] and the E, term of the
Leray spectral sequence

HV(W/G, H#7) = HE™ (W)

is bounded from the right; i.e., E{*? = 0 for p > N. Here, the stalk at G- w € W/G
of #9is Hi, = H}(G - w). Now, since all of the isotropy of W is in &, for each
w € W, one has an s(w) € S such that s(w) € ker(HE(X) 5 H}(Gw)). Since
X X Y and (hence) W have only a finite number of orbit types {G - w,...,G - w, },
it is not hard to see that

s=s(w)---s(w)e| N kerf(H:(X)—> H:(G-w))|[NS.
wew
The HY(X)-module structure on the E, term (given by 7§ and restriction on the
coefficients #9) passes to the limit and is the same at the limit (at least up to sign)
as the HZ(X)-module structure induced there by the H(X)-module structure
HX(W) (again given by § and restriction).



EQUIVARIANT COHOMOLOGY RINGS 95

Therefore s maps to 0 in every stalk of the sheaf H¥ and hence maps to 0 in
H°(W/G, #*)= E%* and in E%*.

Following Hsiang’s argument [H] through, one may conclude that s maps to
zero in HE(W) and therefore that ST'HE(W) = 0. We now finish the argument
exactly as in case (i). Q.E.D.

From now on, we assume that X is either compact and every orbit of X is a
G-deformation retract of one of its neighborhoods, or that X is paracompact with
finite mod-p cohomological dimension.

3. The localization of H%(X,Z/pZ) at the minimal primes of H;(X,Z/pZ). The
minimal primes of H;(X,Z/pZ) were described by Quillen [Q1, Q2] as follows. An
elementary abelian p-subgroup or p-torus in G is a subgroup 4 of G which is a direct
product of cyclic groups of order p. The number of cyclic factors is the rank of A.

Let (G, X)) denote Quillen’s category of pairs [Q2] (A4, ¢) where A is a p-torus in
G and C is a (nonempty) connected component of X“ (the fixpoint set of the
A-action on X); i.e., the objects of &/ (G, X) are the pairs (4, ¢) as above, and a
morphism 8: (A4, c) = (A, ¢’) is a conjugation of A into (a subgroup of) 4" by an
element g of G such that ¢’ C gc as well. The objects of &/(G, X) are partially
ordered; i.e., (4,c) < (A4’,¢’) if and only A < A’ and ¢ is the unique component
of X* containing C’. We say that (A4,c) is subconjugate to (A’,c’) (written
(A,¢) < (4, ¢)) if Homy x,(4,¢), (4',¢'))# &, and (4,c) is conjugate to
(A’, ¢')(A, c) = (A4, ¢"))if (4, c) and (A', ¢’) are isomorphic objects.

For every pair (4, ¢) in (G, X), there is a prime ideal p , ., C H(X;,Z/pZ),
namely

N+1

(]

T
Piao= ker(HG(X) - HA(Dt)/\/a)§
where pt € X“ is any point in X*. One has

THEOREM 3.1 (ProOPOSITION 11.2 OF [Q2]). (i) D 4.2 P (4. if and only if
(A4, ¢) < (A, ¢); in particular, p 4 ., = D 4. if and only if (A, c) = (A4', ¢').

(ii) There is a one-to-one correspondence between conjugacy classes of maximal pairs
(A4, ¢) and minimal prime ideals of H;( X ):

(4, 0)] P D g

One may define (as in [Q2]) C;(A4,c¢)={g€E€ Glga=agVa€ A and ¢ = c};
Ng(A,c) = {g € Glgdg™ = A4 and gc=c}, and Wy(4,c) = Wi(4,¢c) =
N;(A, ¢)/C;(A, c). There is a natural action of W;(4, ¢) on HE (4. (c); we may
consider both the invariant subring H¢ (4, (c)"5'*9, of this action, and the ring
HY (4.0(c) as HE(X)-modules via restriction. Hence, we may localize all of these
modules with respect to the prime p , ., of H;(X). The main theorem of this paper
is

THEOREM 3.2. Suppose that (A, ¢) is a maximal pair of (G, X). Then there is an
isomorphism

(rcs)“u )
W (A.c)
* > * «
HG(X)U HC(;(A.(')(C)U(AA)

(A.0)
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We note that res(Hg(X)) € HE 4.0 (€)"e49 since inner automorphisms act
trivially on equivariant cohomology (e.g., see [Q1]), so C;(A4, ¢) acts trivially on
HE(X).

We must first prove some preliminary lemmas. Fix an embedding of G in a
unitary group U; let S be the “diagonal” p-torus of U and let F = U/S be the
compact smooth G-manifold of right cosets of S in U.

LEMMA 3.3. Suppose that (A, c) is a maximal pair in (G, X). Let K be a closed
subgroup of G, and let W be a closed K-invariant subset of X such that (A, c¢) is also an
object in the category /(K,W). Then there are localization isomorphisms for every
i>1,

(%) STHE (W x F’):S"H,*;(G~((cﬂw)X(FA)')),

where S = 0(Hg(X) — b 4..y) and 0 is the restriction Hz(X) = Hy(W).

Moreover, if one also knows that any pair in Z(K, W) equivalent to (A,c) in
(G, X) is also equivalent to (A, ¢) in (K, W) (we then say (A, c) is weakly closed
insZ (K, W) with respect to (G, X)), then there are isomorphisms for every i > 1,

(+%) STHE (W x F') 5 ST HE (K (e x(F4)')).

PrROOF. We apply the localization theorem to W (not X) with Y = F'. (W inherits
the necessary properties of X since it is closed. W X F' then has the necessary
properties since F' is a compact manifold.)

We need to verify

(i) that G- (¢ N W X (FA)") and K - (¢ X (F*)") are closed K-invariant subsets
of W X F'and

(ii) that 1I of the isotropy of the complement of G - (c N W X (F*)") (or of
K - (¢ X (F*)")in case (4, c) is weakly closed) is in

F(K,W)={K <KWK + @ and S"H}.({w})=0Vwe WK},

(i) is straightforward.

To show (ii), suppose that§ € WX Fland K, & (K, W).Let& = (x, fi,....[).
Then K; = K, N K, N --- N K, = Bis a p-torus in K since all isotropy groups of
F are p-tori [Q1]. Also x € W since K, > K; = B. Let us suppose that x lies in the
component d of W2, which in turn lies in the component ¢’ of X5,

Since K, € (K, W), ST H}({x}) # 0; i.e. S Nker(H}(W) - H}({x)}) = &
But this means that

S N ker(Hy(W) = Hy(x € d) /0 = Hy(x € ) /0) =

Consider the following commutative diagram of restrictions:

HG(X)\
Hg(x €d)/V0 = Hg(x € ¢')/V0.

[

Hy (W)
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Since §(Hg(X) = D 4.0) Nker[Hg (W) = Hy(x €d)/0]= & the above dia-
gram shows that [Hg(X) — b .. Nker(Hg(X) = Hp(x € x)/V0) = @. Thus
D .y € P In Hg(X). Therefore, since b, ., 1s minimal [Q2], b g ) = D 4.
But then (B, ¢’) = (4, ¢) in Z(G, X) [Q2]. By definition, this means that there is
some g € G such that gBg™' = A and gc¢’ = ¢. Since x € ¢’, x € g¢’ = ¢; and since
f; € F* for each j (since B C K, for every j), we see that fg; € gF® = Fs#8" = F4
so that g¢ € ¢ X (F*)' and thus that £ € (Ge N W) X G - (F*)".

For (*+), we simply note that if the g in the paragraph above may always be
chosen from K, then K, € (K, W) implies that { € K - (¢ X (F*)'). Q.E.D.

LEMMA 3.4. If (A, c) is a maximal pair in (G, X), then there are isomorphisms for
i>1,

H2(G (e X (FA)')) > H a0 (c X (F)').
PRrOOE. This follows from the fact there is a G-equivariant homeomorphism
i 0 i
G xNet19 [ x (F4) ] -G -(c x(F1)'),

Where 0([g,(-x» fl" . af,)]) = (gx’ gfl’- . ,gf,) Here’ NG(A’ C) acts on Gbyg .1) gn_l;

and on ¢ X (F*)' diagonally on the left: (x, f,,...,f,) o (nx, nfy,...,nf,). The map
0 is clearly surjective, continuous and open. If (gx, gf},...) = (g'x’, g'f{,...) where
x and x" arein ¢, and f},...; f],...; are in F, then gx = g’x’ and g/, = g'f/. Thusif
h=g'g, hx" = x and hf{ = f,,..., etc, so that G, = hG.h™" and G, = hG.h™".
Now, since x € ¢ C X and f; € F*, G, 2 4 and G, 2 4. S0 4 € G, N G, . Since
all isotropy of F is p-toral, G, is a p-torus of G; thus B = G, N G isap-torusin G.
Since B fixes x and 4 C B, X® ¢ X* and thus there is a component d of X?
containing x and contained in ¢. Thus (4, ¢) C (B, d) in &(G, X), so by maximal-
ity, (4,¢) = (B, d).

Similarly, if B" = Gy N G, we see that (4, ¢) = (B’, d") where d’ is a component
of X® containing x and contained in ¢. Thus B=B" =4 and d = d’ = ¢. But
hB’'h™'B and hd’ = d, so hAh™* = A and hc = c. Therefore, h € N;(A, c) and
clearly

[(gh, hx,.. k)] = [(g x's flo o f))]
in G X"t (¢ X (F*)"). So 8 is a homeomorphism yielding a homeomorphism:
EG x9(G x40 [¢ x (F4)]) % kG x9(G (e x(F*)"))
l
[EG X9 G] x ¥4 [ ¢ x (F*)']

I
EG XN(;(A.L‘) [C X(FA)i] = E(NG(A, C)) XN(;(A"')[C X(FA)i]. QED
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Before we proceed we must look more closely at the manifold F and its submani-
folds F2 where B is a p-torus of G. Recall that F = U(n)/S(n) where U(n) is a
unitary group (for an n-dimensional complex vector space) in which G is embedded.
The diagonal p-torus of U(n) is S(n). Thus a point in F = U/S may be described as
a pair {(/,...,0,); (vf,...,vF)} where (/;) is an ordered n-tuple of mutually
orthogonal lines and v} is the orbit of a vector v, in the unit sphere S*(/,) in the line
/; under the action of the group of pth roots of unity in this sphere. The action of G
on F is via the embedding in U; i.e., one thinks of g € G as a unitary transformation
of C", thus

g (L i) (v o0) ) = {(ghse .0 8l,)5 ((goy)*.. ... (gv,)*) )

(This makes sense, since g preserves lengths and angles—the action of the group of
pth roots of unity is given by rotation through a fixed angle.)

Now, suppose that 4 is a p-torus in G. The embedding A = G — U gives us a
unitary representation of 4 on C” (the restriction of the representation G = U of
G). This representation may be decomposed according to a set of distinct n-dimen-
sional complex irreducible characters {x;,...,xs} of 4. If we let V; denote the
eigenspace of the character x; and n, = dimV], then we have an orthogonal
decomposition of C”,

C'=VviL--- LV, and n=n; + -~ +n,.

(We assume that n; > 0 for every j.)
Let Z(n,,...,n,) be the set of (ny,...,n,)-shuffles of {1,2,...,n};
S(nyseoang) = {0 € Z(n)10(isy, iygseeeviings igpae e sizgye o siggaeeosin,)
and iy <i, <.+ <i,Vj€ (1,2,....k}}.
We claim that
(+) Fre 11 o-(F0R) % - X (V).

oEZ(ny,..., ng)

Here, F(V;) is the flag space for V, i.e., F(V}) consists of the pairs
{(lnl+ et ,+l""’1n1+ -~~+n,); (U:l+ cetn, 1D U'T|+ ~~~+n,)}

where the /;’s are an ordered set of n; orthogonal lines in V;, and V*’s are orbits of
vectors V; in the unit spheres of the /;’s under the group(s) of pth roots of unity in
these spheres.

It should be clear what subset of F that ¢ - (F(V}) X --- X F(V})) denotes: if
0= (Iigsesdyps g osdapye o5 I 5dgy, )s then

o '{(Il""’[m; Lysrseeosby vnyiee ); (vf,...,v,’,“l;...)}

~———————

in ¥ in ¥,

= {([,“,1,.12,...,[“; 1,21,...,1,-2"2;...);(v;f],...,v;'l‘“l;...)}.

Note that if ¢ # 7 then o - (F(V,) X - X F(V,)) N1+ (F(V,) X --- X F(V})) is
indeed empty.
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Since every line represented in the direct sum on the right in equation (*) is an
eigenspace for some character x ., this line (and every orbit in its unit sphere) is fixed
by everything in A. On the other hand, if an ordered collection of lines (and orbits)
in F are fixed by everything in 4, then each line must be an eigenspace for the
A-action, thus contained in some V;. So equality () holds.

Since F(V}) X --- X F(V,) is clearly connected and closed and each o - (F(V))
X -+ X F(V,)) is homeomorphic to F(V;) X --- X F(V,), the connected compo-
nents of F* are the o - (F(V}) X - -+ X F(V,)).

Now, C;(A) fixes each component of F4. It is enough to show that C;(4) fixes
F(V1) X - -+ X F(V}). For this, we need only show that if / is a line in V} then g/ is
also a line in V; if g € C;(A). (The orbits are carried along without difficulty.) Let
I = C - X where X is a vector in V}. Then gx is an eigenvector for x ;: b - gx = ghx =
g x;(b)-X=x,(b) gx ifb € A.

Conversely, we want to show that if g € N;(A), and g fixes a component of F*,
then g € C;(A4). Again, it is enough to show this for the component F(V;) X --- X
F(V,),solet g € N;(A) be such that

g (F(N) x - X F(V,)) = F(V}) X --- X F(V,,).

Then g carries lines in vV, to lines in V, Vj, so if Xe v, gx € Vj and then
b-gx=x,(b)gx =g x,;(b)x =g bx for every b € A, so b~'g"'bg fixes every
vector in every V. But G = U so that b™'g"'bg = id = = bg = gb and g € C;(A).
(One needs g € N;(A) to ensure that g - F* C F*.) Thus one sees from the above
picture of F# that W;(A4) = N;(A)/C;(A) acts freely on my( F*). Using this picture
of F* (pointed out to me by Quillen, who also pointed out the following lemma) one
may conclude

LEMMA 3.5. If (A, c¢) is a pair in Z(G, X) then HE 4 . (c X (FY') is a free
Z/pZ[W;(A, c)}-module for every q > 0 and i > 1.
PROOF. W;(A4, c) acts freely on my(c X (F*)') = {c} X my(F*), so it acts freely

on

Hi oolex(F))= @&  Hi,.(§). QED.
temy(cX(FYY)

LEMMA 3.6. If (A, ¢) is a pair in Z (G, X) then there are isomorphisms for i > 1,
HI’\';G(A,C)(C X(FA)i) - Hg(;(A.c)(c X(FA)i)

PROOF. Let N = N;(A4,c), C + C5(A,c), W= N/C and Z = ¢ X (F*)" for a
fixedi > 1.
Then Z is a principal W-bundle over Z, and there is a Serre spectral sequence [B]
HP(BW,{H{(z)}) = HEH(Z).
Now, W is a finite group, so we may use results from the theory of cohomology of
finite groups to compute H?(BW,{HZ(Z)}). By Lemma 3.5, Hi(Z) is a free
Z/pZ[W ]-module for g > 0, so one may conclude [C-E] that

H?(BW,{H4(Z)}))=0 ifp>0,g>0.

We(A,c)
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Thus the above spectral sequence degenerates yielding

HO(BW, { Hx (e x(F*)')}) < HE (e x(F*)')
or

HE (e x(F*)')" < Hi (e x(F4)'). QE.D.

Finally, we return to the
PrROOF OF THEOREM 3.2. Consider the following commutative diagram (it should
be clear what the maps are):

(x) HE(X)v,., HE (XX F)y,., 3 HXXFi)y,,
L@ !
HE(G'(CXFA))UM.U :; HE(G.(CX(FA)Z))DM‘)

1@ !
Hyaole X FOu 3 Hb (e x(FA)?)
L® !

HE (4.0(c X F? 1?(/(4(?() =3 Ha,»(A.t')(C X(FA)Z)

1@ )

B
* Wi(A.0) * 2\ Wi(4.0)
HC(;(A.C)(C X F) 3 HQ;(A.(')(C X F .
2

Piao

Wi(A,0)

P

Pa.o Yo

We observe:

(i) the sequence (x) is exact: this follows from the exact sequence of [Q1] plus
exactness of localization;

(ii) the vertical arrows in each of squares 1 through 4 are isomorphisms:

Square 1. Apply Lemma 3.3 with W = Xand K = G.
Square 2. Apply Lemma 3.4, then localize.
Square 3. Apply Lemma 3.6, then localize.

Square 4. Apply Lemma 3.3 with W = cand K = C;(4, ¢).

Since (A, ¢) is maximal, it is “weakly closed” in &/ (K, W) in this case, and the
isomorphism is isomorphism (**) of Lemma 3.3.
Thus we conclude that ker(B,, 8,) = HE(X )y, But, the exact sequence

Hg(;<A.¢-)(C) - H()E(,»(A.(')(c X F)3 HE (4.0(cX F?)

of [Q1] plus exactness of localization of left exactness of taking invariants enables us
to conclude that

Hg(;(A.(')(C):;‘q/,(;t/?.t') (z_ Hé( X)”H.()‘ Q'E'D‘
Let H3(X) = Hf_ 4.(c) be the restriction map. If
) D4 =ker(Hg(X) = Hy (vt €c)//0)
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as usual, and

Pl = ker(HN(;(A.c)(C) - H,(pt € C)/\/(j)
then r'y (0 ) = D (4.0 Similarly, there is the prime p(, ., C He _(4.(c) and the
restriction  Hg(X) = Hc (4.(c) with rGeWhe) = Piae- Also we have

ry.c(P o) = D4 where HN(,-(A.C)(C)rl\_,:.HC(,(A,c)(C)'
COROLLARY 3.7. If (A, c) is a maximal pair of (G, X), then
Hg ( X) Ya - H}t’(;(A.c)(C) SHAPS

PRrROOF. The main theorem gives an isomorphism

We(A.0)
HE(X)UMM _; Ha;(A‘(')(C)”(/(AL(-) ‘

Applied to N;( A4, c) and c instead of G and X, it also gives an isomorphism

We(A,¢)
* ; * G
HN(;(A.c)(C)v;E,U g HC(;(A.c)(c)p&_‘_)

Thus we need only show that
Wi(A.¢) We(A.¢)
* ¢ ~ * G
HC(;(A'(')(C)N"‘;” = HC(;(A,c)(C)(A,c)
or
* ; ~ *
HC(;(A.c)(C)l’iN,-m) = HC(;(A.(')(C)D(A.()'

We do this by showing that both of the above rings are isomorphic to HZ 4 ,(¢),¢, -

This follows from standard results in commutative algebra. Let R; = H(X),
Ry = Hy (4.0(¢) Rec = He 4.6(€) and M = H¢ (4 .(c). We may consider M as
an R -, R - or R ~-module, using the commutative double triangle:

R Ry R¢
\M/
Now
M,=M®p (R;),=M®; (R-)p (by the main theorem)
=M ®R(.(RC)D
and

My =M®; (Ry),v=M®; (R:),v (by themain theorem)
= M ®R('(RC)DN'
(Here, b =1 4.0 P =04, and p¥ =pY, ) Thus, to prove the theorem it is
enough to show that (R.), = (R),cand (Ry),» = (R() .

There is a natural map (R.), = (R.),c since r;'-(p¢)=p. This map is an
isomorphism if we show that (R.), is a local ring [M]. If § is any prime in (R),
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then g corresponds to a unique prime ideal a of R disjoint from 7; ~(R; — p) (i.€.,
g, =1a).Sinceg Nrg (Rg =)= 2, ric(a) "Rz —p = @,50b 2 r5(g). But
p is minimal in R; (using Quillen’s characterization of minimal primes), so p =
7G.c(9)-

Now, R;/b = R/p€ is integral [Q1] and injective (since the triangle

RG____—_T RC

R,/V0 = H,(pt € c)/\0

commutes), and both g/p€ and the 0-ideal in R-/p€ contract to the 0-ideal in
R;/p; by the going-up theorem ([M], e.g.) we have g/p< = 0 or p¢ = g. Thus, in
fact, we have shown that § = (p©),, is the only prime in (R),.

The same argument works for R and p" in place of R;and p. Q.E.D.

In any noetherian ring the 0-ideal may be decomposed as an intersection of
primary ideals: 0 = g, N --- N g,. The set {\/67 } is the set of associated primes of
the ring. The minimal primes of the ring are the minimal elements of this set {‘/g—,. }.
The ideals of { g, } belonging to these minimal primes are called the isolated primary
components; the rest are called embedded components. The isolated primary ideals
are uniquely specified, the embedded components are not. The following theorem
characterizes the isolated primary components of H;( X).

THEOREM 3.8. If G is finite, the isolated primary ideals of H;( X) are of the form
84,00 = ker(HG(X') - CG(A,c)(C))s
where (A, ¢) is a maximal pair of (G, X).

PrROOF. We need only show that if (4, ¢) is maximal then g4 . 1S P4 -primary;
1€, /8(4,c) = P(a.c) and (4 is primary (in view of Quillen’s characterization of
the minimal primes).

Consider the map

G.c
Hg(X) — HCG(A‘c)(C)‘

Let p© =p{, . and p = p , ., be as above. Since p is the only associated prime of
He_(4.0(c) (this ring is Cohen-Macaulay by [D1] so has no embedded primes, and
p€ is the only minimal prime by [Q1]) we see that 0 is p“-primary (uniqueness of
primary decomposition). Thus 7 - (0) is 7; (b ©)-primary—i.e., g 4 ., is p-primary.
Q.E.D.

REMARK. This theorem should be true for G compact Lie, but the results of [D1]
needed are proved only for finite groups at this point.

It is perhaps of interest to see what these theorems say when X is a one-point
space. Then H¥(X) is group cohomology— H*(BG). For example, Theorem 3.2
gives an isomorphism

We(A)

H*(BG),, » H*(B(C;(4))), ",
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where p , = ker(H*(BG) - H*(BA)/0) is the prime belonging to a maximal
p-torus A of G. In the next section we give an application of this result.

4. An example. Let GL,(Z/pZ) = GL, denote the group of invertible n X n
matrices over Z/pZ; or equivalently the group of invertible linear maps of an
n-dimensional vector space over Z/pZ. Consider the subgroup of GL,, given by

1 al P an—l
1 O
A = - a,€Z/pl,i=1,2,....n—-1).
O .
1

This subgroup is a p-torus in GL,,. One can compute its centralizer

d a - a,,
d O

CGL,,(AI) = - de (Z/pZ)*
o - J

= (Z/pZ)* X 4,

(here, (Z/pZ)* is the group of unit in Z/pZ of order p — 1), and its normalizer, the
parabolic subgroup

Ngi (4;) =P, = {[E-)JI _____ '_'_'___“_":l] x € (Z/pZ)*=GL,, Y GL,_,

anda, € Z/pZ,i=1,2,...,n - 1}.

Since the index of A, in its centralizer has order prime to p, we see that 4, is
maximal p-torus of GL,,. The “Weyl” group of 4,, WoL (A1) = P /(A X (Z/pZ)*)
is contained in the automorphism group of A;, which is naturally isomorphic to
GL, ;. One sees that this inclusion W, (4;) = Aut(4,) is, in fact, an isomorphism
(by computing orders, for example); also, the action of WaL (4;) on 4, is equivalent
to the natural action of GL,_, on A, (where 4, is regarded as being an (n — 1)-
dimensional vector space over Z/pZ).

Using the Kiinneth formula, one computes

H*(CGL,.(AI)) = H*(Al) ®Z/pZ H*((Z/PZ)*)’

since (Z/pZ)*| =p — 1 is prime to p, its mod-p cohomology is zero in positive
degrees, so that

H*(CGL,,(AI)) = H*(A1)~

This last ring is well known:

Z/pz[al*""an—ll®Z/pZ/\[bl9""bn—1]9 p>2

H*(A,,Z/pZ) =
Z/pZa,,...,a, ], p=2
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(i.e., either a polynomial algebra tensored with an exterior algebra, or a polynomial
algebra).

We assume that p is odd from now on.

Mui [Mui] has computed the ring of invariants

ROL.-1 = (Z/pZ[al,...,a,,_l] ®Z/pz/\[bl,...,b,,_l])(’L"";
it is generated by Q,...,Q,_, (n — 1 polynomial generators) and R, , . , where
I1<k<n—-1land 0<s;<s,<--- <s5,<n—21is a selection of kK numbers
from the set {0,1,2,...,n — 2} (thus there are 2"~! — 1 of these generators).

The relations are R? = 0 for every s between 0 and n — 2 and R,R, - R, =
(D =D22R Qg ! for every k between 1 and n — 1, and every subset of k
elementss, <s, < --- <s,0f {0,1,...,n — 2}.

Since Q,, is not a zero divisor in this invariant subring (it is not a zero divisor in
R 2 R%-1), one sees that the above two relations imply that R? | = 0 for every
set of indices {s,,...,5;}.

The degrees of the generators are as follows:

degree(Q,) =2(p" ' -p'), i=0,1,...,n -2,
and

degree(Rsh“JA) —k+2(p = 1) =2(pt + -+ p).

There is a unique minimal prime p in the even part of this ring, namely, the
nilpotent elements, or the ideal generated by the R’s. Localizing at this prime means
inverting all the Q,’s. Letting P, = R,/Q, for 0 <i < n — 2 (“degree” (P) =1 —
2p') one sees that the relations in R imply that P?> = 0 and that

REL"*' = Z/PZ(Q0-~ .. »Qn-»z) ®Z/pZA(P vee s ’Pnfl)’
i.e., the quotient field of the polynomial ring Z/pZ[Q,,...,Q, ] tensored with an
exterior algebra on the P,’s.
Now, since

War, (A1)

H*(C(}L,,(Al))pAl =k(Qg+---2Q,2) ®A(Py.....P,_5)

(use the preceding paragraphs and the argument used in the proof of Corollary 3.7),
the main theorem of §3 implies that

H*(GL,(Z/pZ),Z/pZ),, = k(Qp...-.Q, ) ® A(Py..... P, )
(here k = Z/pZ).
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